Synopsis A general theoretical framework based on group-subgroup and group-supergroup relations is proposed to describe and to derive interpenetrating nets.
Introduction
One of the necessary symmetry conditions for a triply periodic balance surface to be free of selfintersections consists in that mirror reflections cannot map its two labyrinth graphs onto each other (Fischer & Koch, 1987) . If a mirror plane exchanged the two labyrinths, then it would have to be embedded within the surface making it self-intersecting. If a self-intersection-free surface separates the two labyrinths, they are free of mutual edge crossings as well. Koch and Fischer (1988) tabulated symmetry conditions, namely, group-subgroup pairs which are compatible with triply periodic balance surfaces. These conditions are also fulfilled by pairs of interpenetrating, congruent three-periodic nets without edge crossings independently of whether a balance surface separating them from each other actually exists. However, the conditions of Fischer and Koch are in general too restrictive because interpenetrating nets can be separated by self-intersecting surfaces (Koch, 2000a) or if three or more nets interpenetrate. In this paper we generalize the result of Fischer and Koch and show that mirror reflections 1 Some ideas of this paper were presented by the author in his talk at the conference of the Italian Crystallographic Association (AIC) in Florence, September 18 th , 2014.
acting between any interpenetrating three-periodic nets would necessarily enforce edge crossings in a Euclidean embedding. This observation can be extended to any rotation or rotoinversion axis mapping the nets onto each other and at the same time intersecting their vertices and/or edges. Based on groupsupergroup relations, we propose a general group-theoretical approach to construct interpenetrating nets.
Additionally, to find maximal symmetries of interpenetration patterns, we introduce a systematic procedure that is based on the automorphism group of a Hopf ring net (Alexandrov et al., 2012) and makes use of group-subgroup as well as group-supergroup relations. Throughout the paper we illustrate our approach by examples.
Preliminaries and results
We consider a set Γ of n symmetry-related interpenetrating three-periodic nets Γ i , i=1, 2…n (for a definition of a periodic net see e.g. Delgado-Friedrichs and O'Keeffe, 2005) in a Euclidean embedding with a three-dimensional space group G. Accordingly, the vertices of nets are just points in the 3D Euclidean space and the edges are straight line segments. We assume no edge crossings in the embedding. A group G acts transitively on a set Γ, i.e. it maps the nets onto themselves as well as onto each other. The elements of G which fix (as a whole) an arbitrarily chosen net Γ i generate the stabilizer of this net in G denoted as i G  [for the action of groups on graphs consult e.g. Beineke, Wilson, Cameron, 2004] . Let H be a restriction of i G  to Γ i . Since the group H is actually isomorphic to i G  , the index of H in G equals n (cf. Koch et al., 2006) . As a consequence, we immediately obtain the following lemma.
Lemma ('on stabilizers') . Let Γ be a set of n symmetry-equivalent three-periodic nets Γ i (i=1, 2…n) with a three-dimensional space group G of the whole set. The elements of G which map a net Γ i onto itself form a group H. Then vertex and edge stabilizers (=site-symmetry groups) of Γ i in H are isomorphic to those in the group G. Remark 1. Strictly speaking, if subgroup H is not normal in G, then the nets Γ i correspond to different subgroups H i (i=1, 2,…k, k ≤ n) which are conjugate in G (Koch et al., 2006) . We would not distinguish between conjugate subgroups H i in the following because this is not important in the context of our results.
The lemma 'on stabilizers' is crucial for the proof of the theorem below.
Theorem. Let Γ be a set of n symmetry-equivalent interpenetrating three-periodic nets without edge crossings in a Euclidean embedding with a three-dimensional space group G. The elements of G which map a net Γ i onto itself generate its subgroup H. Then the cosets of H in G do not contain mirror reflections.
Proof.
We proceed by reductio ad absurdum. Let G contain mirror reflections additional to those in the subgroup H. Consider a Euclidean embedding of a net Γ i with a space group H. Let us describe the action of a mirror plane (arbitrarily oriented in the unit cell of H) on Γ i . Since Γ i is a connected graph, a mirror plane would necessarily intersect some of its vertices and/or edges. In fact, there are four different possibilities (which may occur in combination):
(a) a mirror plane passes through some vertices of Γ i . As a result, vertex stabilizers of Γ i in G would be enhanced compared with those in H, a contradiction with the above lemma;
(b) a mirror plane perpendicularly bisects some edges of Γ i . In this case edge stabilizers of Γ i in G would be enhanced, once again contrary to the above lemma;
(c) a mirror plane runs perpendicularly to some edges of Γ i but does not go through their midpoints.
As a consequence, a mirror plane would generate another net, say, Γ j from the original one.
However, the edges of Γ j will be collinear with their preimages from Γ i and, furthermore, will be partially coincident. We qualify this case as a special kind of edge crossing;
(d) a mirror plane intersects some edges of Γ i which are arbitrarily inclined with respect to it. This situation corresponds to a usual case of edge crossing (Fig. 1) .
Figure 1.
An arbitrary edge path in the net Γ i . A mirror plane m runs through the edge e that intersects its image f.
In conclusion, a mirror plane of G (not contained in H) either enhances vertex and/or edge stabilizers of Furthermore, the theorem could lend further support for overwhelming occurrence of space groups without mirror planes which are usually considered to be unfavorable due to packing arguments (e.g. Vainshtein, 1982 ). An example would help at this point. From the results of Koch and Fischer (1988) 
Generation of interpenetrating nets
In the preceding sections we dealt with group-subgroup relations between the symmetry group acting transitively on a set of nets, G, and the symmetry group mapping an individual net onto itself, H. Now let us invert the procedure. Given a net embedding with a symmetry group H, how can we construct n interpenetrated copies of it? It turns out that both the lemma and the theorem presented above can be effectively used to build up structure models of interpenetrating nets. To this end, we should first enumerate symmetry groups possible for the embeddings 4 of a certain (single) net. which case it is convenient to specialize the metric of a unit cell of a subgroup to match that of a supergroup. By taking into account all possible group-supergroup pairs we can systematically derive entanglements being either topologically or geometrically different (including presumably non-ambiently isotopic ones, see e.g. Castle et al., 2011) . In enumerating group-supergroup pairs, the knowledge on equivalent supergroups (Koch, 1984) can be useful to avoid duplication. Additionally, the construction of a Hopf ring net (HRN) could be applied to filter out isotopically distinct patterns (Alexandrov et al., 2012) . Note that the first attempt to use group-supergroup relations for structure modeling was made to study conformations of two-fold interpenetrated diamondoid zinc imidazolates (Baburin & Leoni, 2010) without an explicit formulation of the mathematical background.
Maximal symmetry embeddings of interpenetrating nets
As already explained, interpenetration patterns for a given net embedding can be systematically derived by using group-supergroup relations. To characterize symmetry properties of interpenetrating nets, it makes sense to distinguish between the maximal symmetry of an interpenetration pattern (Fischer and Koch, 1976; Koch et al., 2006; Alexandrov et al., 2012) on one hand, and the maximal symmetry possible for a system of interpenetrating nets, on the other. It is well known (Koch et al., 2006; Alexandrov et al., 2012) that different nets can share the same interpenetration pattern, i.e. rings in systems of different interpenetrating nets can be catenated in an analogous way. However, it is often 4 In contrast to the enumeration of symmetry groups, the task to find all possible embeddings of a net (up to affine equivalence or ambient isotopy) is hardly feasible. Moreover, a net can have essentially different embeddings with the same space-group symmetry (cf. Koch & Sowa, 2004) . Self-catenation phenomenon causes additional difficulties (Hyde & Delgado-Friedrichs, 2011) . However, when building up crystal structure models in practice, the conformation of a net is fairly strictly fixed by stereochemical constraints (e.g. Baburin & Leoni, 2010) . 5 Sometimes (e.g. if edge crossings are due to 2-fold rotation axes), it is helpful to introduce auxiliary bicoordinated nodes along the edges (thus making them 'curved' on purpose) and to avoid intersections of this kind.
advantageous to know both maximal symmetry space groups. High symmetry embeddings for some important interpenetrating nets (pcu, dia, srs, qtz, bto, hcb, sql) 6 have been analyzed in a recent survey by Bonneau and O'Keeffe (2015) . Unfortunately, their paper lacks a systematic approach to the problem.
Here we make an attempt to fill this gap.
Let us first show in more detail how group-supergroup relations can be used to determine the highest symmetry compatible with interpenetrating nets in some special cases. As earlier, we consider a set Γ of n interpenetrating nets Γ i (i=1,2…n) with a space group G of the whole set while its subgroup H (of index n) maps a net Γ i onto itself. For maximal symmetry embeddings we shall use the notation G max and H max with the same meaning. Additionally, for simplicity we consider interpenetration patterns only for crystallographic nets, i.e. for those whose automorphism group Aut(Γ i ) is isomorphic to a space group (Klee, 2004; Eon, 2005) , although our approach can be applied to non-crystallographic nets as well. At the moment we discuss the following situations: (ii) if H ≠ Aut(Γ i ) that is most common, one has to adopt a more elaborate step-by-step procedure.
Example:
with vertices at I4 1 /a, 4a ( 4 ) (we propose a name dia-c5* for it) 8 . It was first observed in the crystal structure of adamantane-1,3,5,7-tetracarboxylic acid (Ermer, 1988; Batten & Robson, 1998 (Koch et al., 2006) shows the same interpenetration pattern.
Another more general and systematic way to find maximal symmetry for interpenetrating nets is to deal with the automorphism group of the respective Hopf ring net (HRN) However, the intrinsic symmetry of HRN(Γ) can be higher, as we shall see in the following. In general, Note that maximal symmetry of the HRN constructed for three-periodic labyrinths of three-periodic surfaces 9 could be also a tool to determine the inherent symmetry of the surfaces. Our work in this direction is in progress.
From the analysis of HRNs one can directly verify that 'normal' (dia-c5) and 'abnormal' (dia-c5*)
patterns of 5-fold interpenetrating dia nets are topologically distinct. The automorphism groups of their It is also helpful to consider the automorphism group of a complete ring net (CRN) [Baburin & Blatov, 2007; Alexandrov et al., 2012] where two kinds of edges -the ones which stand for the Hopf links between rings and the ones which correspond to common edges of rings in the net Γ i -are both treated on equal footing. Following a suggestion from a referee, we shall reserve a term an extended ring net (ERN) for the CRN with both kinds of edges as we defined it here. The reason to introduce the ERN is that it becomes connected 10 (in contrast to HRN) for polycatenated systems (see Fig. 9 
Working examples

Interpenetration patterns of two-fold vertex-transitive utp nets
In this section we systematically derive interpenetration patterns of two vertex-transitive utp nets. The utp graph was originally proposed by Wells as the (10,3)-d net (Wells, 1956 (Wells, , 1977 and was also found in the enumeration of sphere packings by Koch & Fischer (1995) (2004) it follows that there exist three supergroups of Pnna with index 2 which do not contain mirror planes, namely, Ccce, Pcca and Pban. These supergroups define three possibilities for a pair of (equivalent) utp nets to interpenetrate (Fig. 3) . All three patterns belong to interpenetration class Ia, i.e., individual nets can be mapped onto each other by translations (Blatov et al., 2004) . The arrangements with symmetry Ccce -Pnna (utp-c*) 11 and Pcca -Pnna (utp-c**) show an interesting property: both share the same HRN (hxg) and, hence, represent the interpenetration pattern dia-c. However, since Pnna is the maximal symmetry of a (single) utp net, both variants (Ccce -Pnna and Pcca -Pnna) can be considered as highest symmetry embeddings of 2-fold interpenetrated utp nets with the catenation pattern dia-c. The question of whether both entanglements are ambiently isotopic or not, remains open, although the author tends to agree with a referee that they are not. This example nevertheless demonstrates that the highest symmetry compatible with a given system of interpenetrating 10 The ERN is necessarily connected for interpenetrating two-or three-periodic nets. However, it turns out to be very complicated to work with in practice (especially regarding the computation of the automorphism group). 11 The utp-c* arrangement can be realized as an interpenetrating sphere packing o[3/10/o1] 2 (Sowa, 2009) .
nets (in contrast to the maximal symmetry of an interpenetration pattern) may not be uniquely defined.
From a crystallographic point of view, a distinction between utp-c* and utp-c** should be made based on the arrangement of screws in a similar way as it was done by Fischer (1976) for interpenetrating sphere packings of type 3/3/c1 (srs-a). The utp net contains two kinds of (topological) 4-fold screws (Wells, 1977, p. 39) running along [010] (referred to the unit cell of Pnna), with four and eight vertices per translation period, respectively (cf. Fig. 3, bottom right) . By comparing the locations of the screws, we see that in utp-c* the axes of different kinds of screws with opposite handedness coincide while in utp-c** different screws with the same handedness are co-axial (Fig. 3) .
The utp-c*** pattern (symmetry Pban -Pnna) is characterized by the same HRN as the pair of diamondoid networks in the structure of a coordination polymer [Ni(1,3-di(4-pyridyl)propane)(5-nitroisophthalato)(H 2 O)] reported by Xiao et al. (2005) and discussed in detail by Alexandrov et al. Table 1 . In contrast to connected graphs, a bipartition of a disconnected graph is not unique (Asratian, Denley & Häggkvist, 1998, Ch. 2) ; for this reason there are two symmetry alternatives for each pair of interpenetrated utp-b nets (Table 1 ). The vertices with unlike colors can be associated to different building blocks in a crystal structure, for example, metal connectors and ligands.
One of the referees paid my attention to a family of coordination polymers with a general formula [M(4-pyrdpm) 3 AgX] (M=Co, Fe, Ga, 4-pyrdpm = 5-(4-pyridyl)-4,6-dipyrrinato, X=BF 4 -, PF 6 -etc.) which are based on tris(dipyrrinato)metalloligands and Ag + salts and crystallize in a space group Pbcn (Cohen et al., 2006 (Cohen et al., , 2007 . In terms of topology, these structures can be described as 2-fold interpenetrating utp-b overlooked by the authors who assumed that after the transition "the coordination network as well as the topology were maintained" (Yuan et al., 2014, p. 10095 N, N , N´, N´-tetrakis(4-pyridyl)-1,4-phenylenediamine, Tang et al., 2013) which is related to the utp-c** pattern. The symmetry is P2 1 /n -P2 1 /c (2a, b, a+c) . Here the utp topology can be assigned to frameworks if Cu + centers and tri-coordinated branching points of a tetratopic linker (cf. O' Keeffe & Yaghi, 2012; Li et al., 2014) are treated as the nodes of the underlying net. This case stands apart from the examples discussed above where the nodes always represent entire chemical species.
Novel two-fold interpenetrated vertex-transitive dia and pcu nets
To the knowledge of the author, the only interpenetration patterns of 2-fold intergrown pcu and dia -if individual nets remain in their ideal configurations -are accordingly dia-c and pcu-c. .
Enantiomorphic versus chiral interpenetrating quartz nets
The analysis of catenated rings in qtz-c* using ToposPro has revealed only Hopf links, in contrast to the chiral qtz-c pattern (Fig. 5 ) which also contains doubly-interlaced 8-rings [so-called Solomon links, Nierengarten et al., 1994] (cf. Fig. 10 in Bonneau and O'Keeffe, 2015) . The absence of intrinsically chiral Solomon links in the intergrowth of enantiomorphic quartz nets is curious because one could expect equal amounts of 'left' and 'right' links to coexist in the racemate. However, the qtz-c pattern is not the only variant for a pair of homochiral qtz nets to be intertwined. For example, two qtz nets with symmetry P6 2 22 -P3 2 12 (qtz-c** pattern, interpenetration class IIa, Fig. 5 ) can interpenetrate and also avoid multiply-interlaced rings. Surprisingly, the quartz-like labyrinths of HS2 minimal surface (Fischer & Koch, 1989) show the same symmetry (P6 2 22 -P3 2 12) and also interpenetrate without multiply-interlaced rings but in a way different from qtz-c**.
Chiral intergrowths of n-fold qtz nets with symmetry P6 2 22 or P6 4 22 discussed by Bonneau and O'Keeffe (2015) can be similarly described in C222 and replicated by the Ccce group. In total, the whole arrangement will contain 2n enantiomorphic qtz nets. Such patterns necessarily belong to interpenetration class III. The simplest pattern (qtz-c4*) comprising two pairs of qtz nets with opposite handedness is given in the supporting information. Figure 5 . 2-fold interpenetrating qtz nets. Notice that in qtz-c* the 6 2 screws of the blue net coincide with the 2-fold rotation axes of the red net (and vice versa) that is an evidence for orthorhombic symmetry (6 2 ∩2 = 2). Two hexagonal patterns (qtz-c and qtz-c**) are drawn in orthohexagonal setting for a better comparison with qtz-c*. At the bottom right we illustrate the location of some screw and rotation axes along [001] in the conventional unit cell of quartz.
Conclusion
In this paper we presented a general group-theoretical approach to systematically construct interpenetration patterns based on group-supergroup relations. Given a net embedding with a space group H, it can be replicated by its supergroup G (of finite index) under the condition that sitesymmetries of vertices and edges are the same in both H and G. We showed that edge crossings are unavoidable whenever interpenetrating nets are mapped onto each other by mirror reflections. More generally, edge crossings are caused by any symmetry element of finite order from G \ H that intersects vertices and/or edges of the nets. This property restricts the number of supergroups to be considered for the generation of interpenetrating nets. We proposed a systematic procedure to determine maximal symmetries of interpenetration patterns by using the automorphism group of a Hopf ring net (or alternatively, an extended ring net) and its subgroup relations to possible symmetries of individual nets.
Following our approach, we completely derived intergrowths of two vertex-transitive utp nets. We discovered unprecedented arrangements of 2-fold dia and pcu where the nets retain their ideal configurations. Furthermore, we found the highest symmetry embedding for a pair of enantiomorphic quartz (qtz) nets and showed that the corresponding space group (Ccce) is vertex-2-transitive.
